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Abstract

Application of predictive optimal energy management 
strategies to improve fuel economy in hybrid electric 
vehicles is an active subject of research. Acceleration 

events during a drive cycle provide particularly attractive 
opportunities for predictive optimal energy management 
because of their high energy cost and limited variability, which 
enables optimal control trajectories to be computed in 
advance. In this research, dynamic-programming derived 
optimal control matrices are implemented during a drive cycle 
on a validated model of a 2010 Toyota Prius to simulate appli-
cation of pre-computed control to improve fuel economy over 
a baseline model. This article begins by describing the devel-
opment of the vehicle model and the formulation of optimal 

control, both of which are simulated over the New York City 
drive cycle to establish baseline and upper-limit fuel econo-
mies. Then, optimal control strategies are computed for accel-
eration events in the drive cycle. The model is first simulated 
with optimal control during acceleration events, then with 
optimal control matrices applied to different acceleration 
events than originally derived, so as to represent mis-predic-
tion and mis-application of optimal control. The results show 
that drive cycle fuel economy can be robustly improved by 
applying pre-computed control matrices to acceleration 
events. Overall, this article demonstrates that fuel economy 
improvements with predictive optimal energy management 
are achievable without precise prediction capabilities or real-
time, on-vehicle computation of optimal control.

Introduction

According to the most recently available data, the trans-
portation sector is responsible for 27% of greenhouse 
gas emissions, and over 50% of nitrogen oxides, 30% 

of volatile organic compounds, and 20% of particulate matter 
emissions in the United States [1, 2]. Greenhouse gas emissions 
are a leading cause of climate change [3] and air pollution is 
the world’s fourth leading cause of premature death [4]. 
Improvements to vehicle fuel economy (FE) reduce all of these 
contributions, which has caused FE improvement to be a 
widely researched area [5].

One large body of research aims to improve FE by opti-
mizing vehicle control, most prominently Eco-driving and 
optimal energy management strategies (Optimal EMS) [6]. 
Eco-driving involves reducing overall vehicle energy output 
by optimizing vehicle speed and implementing efficient 
driving behaviors. Alternatively, Optimal EMS improves 
powertrain efficiency along a fixed drive cycle, which does not 
require changes to driving behavior and gives it a consumer 
acceptance advantage [7].

Some forms of Optimal EMS are used in current vehicles. 
In general, since hybrid electric vehicles (HEV) can draw 
power from multiple different sources at the same time, they 
benefit from higher powertrain degrees of freedom and are 
ideal targets for Optimal EMS. For example, many HEV 
control strategies adjust engine torque and speed so that the 

engine always operates at its highest efficiency for the requested 
engine power output, which is a form of instantaneous 
Optimal EMS [8].

Whereas instantaneous Optimal EMS implements 
control in reaction to real-time changes in vehicle operation, 
further FE increases are achievable if the EMS changes from 
reaction-based to prediction-based. It has long been under-
stood that knowledge of future power demands enables more 
globally fuel efficient EMS [9]. Vehicles are increasingly 
equipped with intelligent technologies that are beginning to 
enable this type of prediction. GPS, cameras, and radar, and 
future technologies including vehicle to vehicle communica-
tion (V2V) are expected to increase prediction capabilities 
drastically [10].

Two main approaches are used in the literature to derive 
a globally optimal FE solution with predictive Optimal 
EMS-dynamic programming (DP) [11] and Pontryagin’s mini-
mization principle [12]-but DP is more commonly used due 
to its ease of use, robustness, and lack of dependence on 
derivatives or analytic expressions [13].

Most existing predictive Optimal EMS studies involve 
prediction of full drive cycles, which is far beyond the capa-
bilities of current technologies [6]. One example not involving 
full cycle prediction implements a Predictive Optimal EMS 
in a real vehicle, but that study uses stochastic dynamic 
programming, which does not achieve a globally optimal 
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solution [14, 15]. Another article studies prediction of traffic 
behavior over short time horizons to enable cooperative cruise 
control to improve FE, which is an example of a specific appli-
cation of drive prediction for FE [16]. Some types of simple 
predictions of driver behavior may soon be achievable-for 
example, the target speed for an acceleration event might be 
determined by camera systems or GPS, but the means and 
potential to implement these types of control algorithms is 
not well defined in literature.

Some key aspects of acceleration events (AE), like target 
speed or duration, are simpler to predict than second-by-
second speed or power traces. Further, AE are of particular 
interest for FE because of their high power demand relative 
to most segments of a drive cycle. [17]. Thus, studying means 
to improve vehicle FE during AE may lead to near-term imple-
mentation of predictive Optimal EMS in real vehicles that 
results in significant FE improvements.

Restricting Optimal EMS control to AE enables a unique 
type of control optimization that does not require real-time 
solution computation or high-accuracy prediction. The 
Optimal EMS matrix that is computed prior to solution 
computation in DP can be used as a lookup table using vehicle 
speed and battery SOC, generating near-optimal solutions 
even when used for a slightly different drive cycle than the 
one it was derived for. This enables a vehicle controller to 
implement stored control matrices during AE with only 
approximate prediction, still achieving FE gains over the 
Baseline EMS.

To evaluate the performance of a pre-computed EMS, FE 
must be compared among four different control strategies: 
1) A baseline EMS; 2) Optimal EMS with perfect drive cycle 
prediction, to serve as a practical upper FE limit; 3) Optimal 
EMS with perfect AE prediction, to serve as a practical upper 
FE limit for AE control; and 4) pre-computed Optimal EMS 
with approximate AE prediction. These four simulations 
require: development of a baseline model; formulation of a 
dynamic programming (DP) problem to derive optimal 
control solutions, both for full cycles and for AE; and a method 
of applying pre-computed optimal control to AE with 
approximate prediction.

Novel contributions of this paper include 1) implementa-
tion of Optimal EMS only during acceleration events to 
achieve overall FE improvement and 2) application of pre-
computed dynamic programming-derived control matrices 
to approximately predicted acceleration events by converting 
the time index to a speed index.

Methods

Vehicle Model: 2010 Toyota 
Prius
The Toyota Prius has consistently achieved the highest FE in 
its class [18], so it is an ideal vehicle to model for demonstra-
tion of new HEV FE improvement techniques. The 2010 model 
was chosen for its commercial prevalence and publically avail-
able parameter information. A model was developed and 

validated in the Autonomie vehicle modeling software, which 
has demonstrated close correlation with real world testing 
and is generally accepted as the gold standard for vehicle 
modeling. In combination with a power split model, the 
model’s output FE matches closely with real world data.

Drive Cycle: New York City 
Cycle (NYCC)
The NYCC cycle is an EPA cycle meant to simulate low-speed 
urban driving, so it involves many short-duration, low-speed 
AE. One objective of this article is to apply control derived 
for one AE to another AE, and the relative similarities between 
AE in NYCC make it well suited for this type of experiment. 
Other cycles of interest for their relevance to posted FE for 
manufactured vehicles, including the ones used to validate 
the model, are ideal candidates for future work with a larger 
AE dataset.

The 2010 Toyota Prius model is simulated over the NYCC 
cycle with four different control methods. Each remaining 
Methods section is devoted to one of these control methods.

1) Baseline EMS
A model of the 2010 Toyota Prius with Baseline EMS was 
developed in the Autonomie vehicle modeling software to 
replicate the EMS of the real stock vehicle. A 2010 Toyota Prius 
model in Autonomie has been shown to correlate closely with 
real-world performance [19], but since this model is not publi-
cally available, the 2004 Toyota Prius model included with 
the software was modified with publically available 2010 
Toyota Prius parameters (Table 1).

Autonomie produces high fidelity models that are useful 
for accurate modeling of a variety of vehicle parameters but 
are also computationally expensive in simulation. In anticipa-
tion of the high computational cost of dynamic programming 
to derive Optimal EMS, engine performance outputs from 
Autonomie were used as inputs to a lower fidelity power 
split vehicle model for the remaining vehicle performance 
calculations. This model’s development is described in full 
detail in [21].

TABLE 1 Significant model parameters defining the 2010 
Toyota Prius, used both in the Autonomie model and the power 
split model.

Vehicle Mass 1380 kg Frontal Area 2.6005 m2

Maximum 
Engine Power

73 kW Coeff. Of Rolling 
Resistance

0.008

Engine BSFC 
Map

f (Engine 
Torque, Engine 
Speed) [20]

Final Drive Ratio 3.27

Max Generator 
EM Speed

10,000 rpm Wheel Radius 0.317 m

Max Traction 
EM Speed

13,500 rpm Coeff. Of Drag 0.250

Battery 
Capacity

6.5 Ah Open Circuit 
Potential

201.6 V
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To validate the combined Autonomie/power split model, 
the model was simulated over three standard EPA drive cycles 
and the FE results, corrected for change in SOC [22], were 
compared with the experimentally obtained FE results from 
Argonne National Laboratory [23] (Table 2). Since the model 
produced FE results well within 2% of the measured values 
for all 3 drive cycles, the model is considered validated for 
FE investigations.

The method for calculation of the FE of the baseline EMS 
over the NYCC cycle is shown in Figure 1a. The NYCC drive 
cycle is input to the Autonomie simulation, which outputs the 
engine power (PICE) as a function of time. This PICE is input to 
the lower fidelity power split vehicle model to calculate fuel 
consumption, SOC, and FE.

2) Optimal EMS with Exact 
Cycle Prediction
The Optimal EMS was derived using DP, which uses back-
wards recursion to avoid solutions that are not optimal as 
defined by the Bellman principle of optimality [24, 25]. The 
DP scheme used for this study is detailed and validated in a 
previous publication [21] and will be described briefly in 
this section.

The DP scheme determines engine power (discretization 
ΔPICE=0.1 kW) for every feasible battery SOC (discretization 
ΔSOC=0.02%) for every timestep in a drive cycle (discretiza-
tion Δt=0.4 s) to minimize global fuel consumption. In 

practice, other parameters (e.g. battery temperature) and cost 
variables (e.g. battery life impacts) may also need to be 
included, increasing computation and storage requirements, 
but are not included for this analysis. The constraints for this 
calculation are the desired final value of SOC, upper and lower 
SOC limits (80% and 40%), and the vehicle operation 
constraints in Table 1.

The results of this computation can be visualized as a 
two-dimensional matrix, where row indices represent values 
of SOC, column indices represent timesteps, and cell contents 
give engine power (see Figure 3a). Thus, for any initial SOC, 
the DP matrix can be used as a lookup table to generate the 
optimal control solution for a specific drive cycle that results 
in a specific final SOC.

To calculate optimal FE over the NYCC drive cycle, the 
DP scheme uses the final SOC and velocity trace from the 
baseline simulation with the lower fidelity power split vehicle 
model to compute the optimal control matrix. As illustrated 
in Figure 1b, the matrix is used as a lookup table with the time 
index of the drive cycle to define engine power as a function 
of time. Then, engine power is input to the power split model, 
which calculates fuel consumption, SOC, and FE.

3) Optimal EMS with Exact 
AE Prediction
Simulations in the previous section, which employ globally 
Optimal EMS, require perfect prediction of vehicle speed for 
each timestep of the simulation, and the resulting FE serves 
as a reasonable upper limit on FE obtainable with Optimal 
EMS. In this section we seek to simulate a vehicle where 
prediction is restricted to AE.

AE are defined as sections of the drive cycle in which 
1) vehicle speed increases monotonically, 2) the total increase 
in speed is greater than 9 mph, and 3) the duration of accelera-
tion is greater than 4 seconds. This definition leaves out accel-
erations that are short or interrupted, which reduces the 
predictive burden in application but may reduce achievable 
FE benefits in certain drive cycles. AE were isolated from the 
cycle and an Optimal EMS was derived for each AE using the 
DP methods described in the previous section.

To calculate FE for the NYCC cycle, Optimal EMS deter-
mined engine power is implemented during AE and the 
Baseline EMS determined engine power is implemented 
during the rest of the drive cycle, which is used as an input to 
the power split model for FE and SOC calculations. This is 
illustrated in Figure 2a.

4) Pre-Computed Optimal 
EMS with Approximate AE 
Prediction
In the near future, real-world implementation of Optimal 
EMS during AE will be limited by the predictive capabilities 
of vehicles. Vehicles may likely be able to predict some of the 
characteristics of AE, like ending speed or acceleration 
duration, but may not be able to predict second-by-second 
speed/power traces. Even if exact drive cycle prediction were 

TABLE 2 Fuel economy results demonstrating combined 
Autonomie/power split model validation for fuel 
economy investigations.

EPA Drive 
Cycle

Simulated Fuel 
Economy

Measured Fuel 
Economy [23]

Percent 
Difference

UDDS 76.4 mpg 75.6 mpg +1.1%
US06 45.0 mpg 45.3 mpg -0.6%
HWFET 69.1 mpg 69.9 mpg -1.1%©
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 FIGURE 1  FE determination technique for (a) Baseline EMS 
and (b) Optimal EMS with exact cycle prediction.
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to become attainable, DP may be too computationally costly 
to be implemented in real time in current vehicles. To 
overcome these challenges, in this section Optimal EMS are 
pre-computed using DP and applied to AE with approximate 
prediction, resembling rules-based control. This section seeks 
to develop a basic proof-of-concept for the novel technique of 
applying pre-computed Optimal EMS to AE.

The matrix produced by DP contains optimal solutions 
for every evaluated SOC and timestep while ensuring final 
SOC and model constraints are met (Figure 3a). For any 
feasible initial SOC, this matrix generates an exact optimal 
solution for the drive cycle for which the matrix was derived. 
However, it is simple to use the matrix as a lookup table for a 
different drive cycle with the same number of timesteps, which 
can yield a near-optimal solution if the velocity trace of the 
new drive cycle is sufficiently similar to the original one.

This method can be applied to individual AE with 
matching numbers of timesteps, but, since AE are defined as 
having monotonically increasing velocity, the time index of 
AE can be converted to a velocity index. With this conversion, 

Optimal EMS matrices can be used as lookup tables for AE 
with different numbers of timesteps, where power is deter-
mined as a function of SOC and velocity instead of SOC and 
time (Figure 3b). If all AE in consideration cover a similar 
range of velocity, this can yield near-optimal solutions.

It is possible for the vehicle to fail to meet the driver 
torque request, but only if the engine torque is chosen to be 
much less than the required torque, leaving the electric motor 
to supply more than its maximum torque. This would be an 
example of extreme misprediction and is outside the scope of 
this paper.

Many of the AE in the NYCC cycle have similar begin-
ning and ending speeds and similar durations (Figure 4, 
Table 3). DP matrices computed in the previous section were 
assigned to different AE than the AE for which they were 
derived, as shown in Table 4. Recognizing approximate simi-
larity between the listed AE parameters, this simulates how 
a vehicle with access to DP matrices for the last 5 AE of the 

 FIGURE 3  Illustration of matrix produced by dynamic 
programming algorithm (a) and conversion of time index to 
velocity index (b).
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 FIGURE 4  Velocity profile of NYCC cycle with acceleration 
events highlighted and numbered.
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 FIGURE 2  FE determination technique for (a) Optimal EMS 
with exact AE prediction and (b) Pre-Computed Optimal EMS.
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TABLE 3 List of acceleration event characteristics used to 
determine similarity between acceleration events in the NYCC 
cycle (need to make fit somehow).

AE Number
Initial Speed 
(mph)

Final Speed 
(mph) Duration (s)

1 8.6 22.9 6.0
2 0 17.4 5.2
3 0 16.1 7.2
4 15.9 25.0 11.2
5 0 21.4 7.2
6 11.6 26.2 5.2
7 15.6 25.0 9.6
8 0 20.5 7.2
9 0 20.1 12.8
10 0.2 10.2 7.6
11 6.9 27.7 11.2 ©
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TABLE 4 Acceleration events of origin for dynamic 
programming matrices (column 1) and the AE the matrices 
were applied to (column 2).

DP Matrix Derived From: DP Matrix Applied To:
AE #7 AE #4
AE #8 AE #2, 3, 5
AE #11 AE #1, 6 ©
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NYCC cycle might implement them on the first 6 AE of the 
drive cycle.

FE was calculated as il lustrated in Figure 2b. 
Pre-computed matrix determined engine power was used 
during the first 6 AE, and Baseline EMS determined engine 
power was used during the rest of the drive cycle. This engine 
power was input to the power split model, which calculated 
FE and SOC.

Results and Discussion
Figures 5-7 give, respectively, engine power, baseline-relative 
SOC, and baseline-relative fuel consumption for the three 
investigations. Simulated baseline FE is 53.4 mpg.

The four different EMS result in similar engine power 
traces, and it is mostly small differences not visible on the 
scale of Figure 5 that result in improvements to FE. Reinforcing 

the importance of AE in FE improvement studies, the 
instances of highest engine power occur during AE, as shown 
in the shaded regions.

The Optimal EMS over the full cycle significantly lever-
ages its freedom to deplete and bank charge, at one point 
increasing SOC to approximately 1.5% higher than the 
baseline SOC. The two AE control scenarios operate within 
narrower windows and maintain the SOC close to the baseline 
SOC. One exception occurs during AE #1, when the DP matrix 
from a considerably different AE (AE #8) requests higher 
engine power than baseline and results in a higher SOC for 
the pre-computed AE control.

Whereas fuel consumption is almost constantly reduced 
using the exact drive cycle and exact AE prediction control 
scenarios, pre-computed AE control results sometimes in 
increases to fuel consumption. The most significant instance 
is for AE #1, during which SOC also increases. During AE 
#2-6, SOC is rectified and fuel consumption is reduced below 
baseline, demonstrating that DP matrices are robust to 
SOC deviations.

Result 1: Optimal Control with 
Exact Cycle Prediction 
Increases FE 33.0% over 
Baseline
Optimal EMS with exact prediction for the full cycle 
achieves a cycle FE of 71.0 mpg. In general, Optimal EMS 
minimizes fuel consumption by eliminating instances of 
low engine power and reducing engine power during 
instances of high vehicle power, because low and high power 
engine operation have low fuel efficiency. Since the major 
constraint on SOC for the optimal controller is to match the 
final SOC from baseline simulation, the Optimal EMS is 
able to discharge more battery energy early in the cycle when 
power demand is higher, making up for the deficit during 
less power-intensive sections later in the cycle and maxi-
mizing FE overall.

 FIGURE 5  Comparison of each control scenario’s engine 
power trace with the baseline engine power trace. Sections 
where AE control is implemented are shaded.
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 FIGURE 6  Difference between battery SOC trace for each 
control scenario and the baseline battery SOC trace. Sections 
where AE control is implemented are shaded.
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 FIGURE 7  Difference between fuel consumption (FC) trace 
for each control scenario and baseline fuel consumption trace. 
Sections where AE control is implemented are shaded.
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Result 2: Optimal Control with 
Exact AE Prediction Increases 
FE 10.3% over Baseline
Optimal EMS with exact prediction during AE achieves a 
cycle FE of 58.9 mpg. With smaller control windows, the 
Optimal EMS is more tightly constrained: in general, fuel 
consumption is still reduced by eliminating low and high 
power engine operation, but without the ability to bank or 
deplete charge across the cycle, the reductions to fuel 
consumption are less dramatic.

Result 3: Pre-computed 
Optimal EMS Matrices Applied 
to 6 of 11 AE during the Cycle 
Increases FE 2.6% over 
Baseline
Pre-computed Optimal EMS on the first 6 AE of the cycle 
achieve a cycle FE of 54.8 mpg. Unlike with exact AE predic-
tion, misapplication of control (like in AE #1) can result in 
increases to fuel consumption over the baseline EMS during 
AE. However, a net FE increase is achieved by adhering to 
baseline SOC and, most significantly, applying near-optimal 
control during AE #6, the highest-power AE and the one with 
the most FE improvement potential.

In a real application, the vehicle controller would be 
equipped with a larger bank of DP matrices, allowing pre-
computed control to be implemented for all 11 AE and 
raising the potential for FE improvement. Furthermore, with 
access to a larger bank of DP matrices, the controller would 
probably be able to identify matrices from AE with more 
similar beginning speed, ending speed, and duration than 
in this simulation, which may further increase FE 
improvement potential.

Accurate prediction of AE is necessary to achieve FE 
improvements with this method. For example, if the DP 
matrix derived from AE #8 instead of from AE #11 was applied 
to AE #6, the reduction to fuel consumption during AE #6 
would not occur, and cycle FE would not be improved. In 
practice, this would be an example of misprediction, since AE 
#6 and #8 have much different characteristics, like initial and 
final velocity. Practically achieving this sort of prediction 
likely requires camera, GPS, radar, or other signals, which is 
an active subject of research [10].

Results Summary
The FE numbers for all four control strategies are given in 
Figure 8. Optimal EMS with exact AE prediction achieves 
31.3% of the FE gains possible with exact cycle prediction. 
Pre-computed Optimal EMS achieves 25.5% of the FE gains 
possible with exact AE prediction, or 8.0% of the FE gains 
possible with exact cycle prediction.

Conclusions
In this paper, the FE improvements achievable using predictive 
Optimal EMS were studied with both exact and approximate 
prediction, which included introducing the concept of 
applying pre-computed DP-derived control matrices to 
approximately predicted acceleration events. FE for the NYCC 
was compared for four different control strategies: 1) Baseline 
EMS, using a validated 2010 Toyota Prius model coupled with 
a simplified power split vehicle model; 2) Optimal EMS with 
exact drive cycle prediction; 3) Optimal EMS with exact accel-
eration event prediction; and 4) pre-computed Optimal EMS 
during acceleration events with approximate acceleration 
event prediction, where the Optimal EMS matrices from (3) 
were applied to different acceleration events during the cycle 
than the events for which they were derived. To accomplish 
this, the time index of the DP control matrix was converted 
to a velocity index, enabling application to acceleration events 
with different durations.

All three implementations of Optimal EMS achieved FE 
improvements over the Baseline EMS. Pre-computed Optimal 
EMS applied to a subset of approximately predicted AE 
achieved over 25% of the FE improvement achieved with exact 
prediction of all AE, or 8% of the FE improvement achieved 
with exact prediction of the full drive cycle.

Imperfect predictive capabilities and limited computa-
tional power are commonly considered major obstacles to 
implementation of Optimal EMS in vehicles. This paper 
demonstrates that FE improvements from Optimal EMS are 
achievable prior to overcoming these obstacles. Despite 
having access to only 5 DP matrices and applying them to 
different AE, a net FE improvement was achieved, showing 
the method’s robustness to imperfect prediction. Further, 
the method of application restricted itself to pre-computed 
DP matrices, showing that FE improvement is achievable 
with minimal on-vehicle computation. In practice, a vehicle 
controller would be equipped with a larger set of DP matrices 
representing a wider variety of AE, permitting more 
discerning matrix selection and likely increasing FE 
improvement potential. This is an area to be addressed by 
future work.

 FIGURE 8  Fuel economy results for three control scenarios 
studied compared to baseline (baseline FE = 53.4 mpg).
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